Abstract-This work deals with the evaluation of the efficiency and optimal control of conductive fluids by using electromagnetic forces. An electromagnetic actuator based on a succession of electrodes and magnets annuli is implemented on the surface of the rotating cylinder of a Taylor-Couette device. Considering a laminar flow, the magnetohydrodynamic (MHD) problem is formulated and solved analytically. The different MHD powers, control efficiency and optimal values of the control parameters are evaluated.
INTRODUCTION
Depending on the possibility of use, several passive and active techniques can be used to control the fluid flow boundary layers in order to prevent flow separation, and to reduce the drag and losses [1] [2] [3] [4] [5] [6] . For conductive fluids, electromagnetic forces can be used. Structures of electromagnetic actuators formed by electrodes and magnets have been developed to create Lorentz forces parallel or perpendicular to the fluid flow [2] [3] [4] [5] [6] . However, low efficiencies are obtained due to the weak electrical conductivity of common fluids. In order to optimize such control, an explicit expression of the efficiency with respect to the physical and geometrical properties of the system is necessary. In this context, the aim of this work is to provide an analytical expression of the electromagnetic control efficiency as function of the physical and geometrical properties of the system.
The fluid control is considered in a Taylor-Couette device [6] . An annular structure of an electromagnetic actuator constituted of an array of electrodes and magnets [2, 3] is implemented on the surface of the rotating cylinder. The expression of the Lorentz forces is adapted to take account of the annular form of such actuator, through the expression of the variations of the electrical current and magnetic flux densities with respect to the radial direction. Considering laminar flows, the MHD problem is formulated and solved analytically. The different MHD powers are evaluated. The optimal control, defining the value of the applied electrical current density that minimizes the total MHD losses in the system, is studied.
The modeled system and the problem formulation are presented in the next section. Results and discussions are given in the last section.
MHD MODEL FORMULATION
The modeled system is shown in Fig. 1 . An electrically conductive fluid is contained between the inner and outer cylinders of a Taylor-Couette device. An electromagnetic actuator based on a succession of electrodes and magnets annuli of equal widths, creating wall parallel Lorentz forces, is implemented on the surface of the inner cylinder which is rotating at a radial speed Ω i while the outer cylinder is Figure 1 . The modeled system. at rest. As shown in Fig. 1 , R i and R e are respectively the outer and inner radii of the inner and outer cylinders, λ is the electrodes and magnets annuli width, J is the current density on the electrodes surfaces, and B 0 is the magnetic flux density on the magnets surfaces. The Taylor-Couette device is considered infinitely long (i.e., L R e − R i ), so as the end effects (interaction of the fluid with the end walls) can be neglected.
The electrical current density on the electrodes surface depends obviously on the fluid conductivity. As in the presented model, we apply a current source rather than a voltage source, the electrical current density is forced to a certain value (J) in the electrodes surfaces regardless the fluid conductivity. In practice, this is achieved by adapting the voltage magnitude between the electrodes to the electrical resistivity of the fluid to obtain the desired value of the electrical current density. This is why the fluid conductivity does not directly appear in certain parts of the model presented below, such as in the equation giving the electromagnetic power transmitted to the fluid by the Lorentz forces which depends directly on the electrical current and magnetic flux densities. However, the Joule losses and thus the control efficiency depend on the electrical conductivity of the fluid which is directly involved in the corresponding equations.
The Electromagnetic Forces Created in the Fluid
In the condition where λ (R e − R i ), the Lorentz forces created by the actuator in the direction of the fluid flow (θ) is given by Eq. (1). It is an adaptation of the expression of the force produced by a planar structure of such actuator [2, 3] , tacking account of the variations of the electrical current and magnetic flux densities with respect to the radial direction, which is represented by the term f (r).
The function f is related to the ratio between the surface (S R i ) of the inner cylinder of radius (R i ) and the surface (S r ) of a fictitious cylinder of radius (r = R i + Δr) between the inner and outer cylinders. The relation between S r and S R i is:
In the case where Δr R i , we can write:
The magnetic flux and current densities decrease thus with a factor 1/ exp(r/R i − 1). As the force is proportional to the product of these two quantities, it decreases with the square of this factor, and thus we obtain:
The aim of the exponential expression of the function f is to keep an exponential expression of the force which facilitates the solving of the MHD problem given in the next section.
The MHD Problem Formulation
Neglecting the end effects and assuming a laminar flow, the magnetohydrodynamic problem formulation is given in cylindrical coordinates (r, θ, z) by Eq. (5). It is derived from the Navier-Stokes equation in which we consider only the azimuthal fluid velocity (u) variation with respect to the radial direction r, i.e., ∂ θ u = 0 and ∂ z u = 0, where ∂ θ and ∂ z denote the derivatives with respect to θ and z. In Eq. (5), ρ and μ are the fluid density and dynamic viscosity.
Notice that there is no variation of the magnetic field with the fluid motion in the azimuthal direction, and thus no eddy currents are created in the fluid due to the rotation. Indeed, as shown in Fig. 2 , any closed circuit (Γ) moving in the azimuthal direction would be crossed by the same magnetic flux, and thus: In the steady state regime (∂ t u = 0), Equation (5) becomes:
where:
i ) and c = πR i λ −1 + 2. The solution of Eq. (6) is given as follows:
With the boundary conditions given in Eq. (5), we obtain:
In (8): E Re = exp(bR e + c) and
If no electromagnetic forces are applied, i.e., F = 0, the solution (u 0 ) of Eq. (5) becomes [7] :
The System Power Evaluation
The total MHD power (P MHD ) is the sum of the Joule power losses in the fluid (P J ), the electromechanical power transmitted to the fluid by the Lorentz forces (P em ), and the friction power (P μ ) due to the fluid viscosity [8] .
As the outer cylinder is at rest, the energy loss due to friction in the fluid is the energy given to the flow by the inner cylinder [10] . The force applied on the inner cylinder is due to the fluid viscosity creating shear stress τ = μ(∂ u r − r −1 u) on its surface (S i ) [9, 10] . The friction power loss can thus be evaluated as follows:
If no electromagnetic forces are applied, the friction power loss becomes:
The Joule losses in the fluid can be expressed as follows, where σ is the fluid electrical conductivity, J f is the electrical current density in the fluid, and L is the axial length of the inner and outer cylinders. The negative sign denotes losses.
The electromechanical power transmitted to the fluid by the Lorentz forces is given by Eq. (12). It involves only the fluid velocity induced by the electromagnetic forces [8] , which is taken into account directly by setting Ω i = 0 in the integration coefficients of Eq. (8) .
(13) with:
The Control Efficiency
The control efficiency is defined as the ratio of the power saved to the power used for the fluid control.
In the laminar flow, the electromechanical power transmitted to the fluid is equal to the power saved by friction loss on the cylinder surface [8] ; therefore, the evaluation of the control efficiency can be limited to the electromagnetic part (Lorentz forces versus Joule Losses). By writing |P em | and |P J | as follows:
where ψ em and ψ J are positive functions depending only on the geometrical parameters, we have
The Optimal Control
Correctly applied, Lorentz forces tend to accelerate the fluid in such manner to get a compensation of a part of the friction power on the inner cylinder surface. However, this is followed by Joule power losses due to the electrical current flow in the fluid. For a given geometry, the optimal control corresponds thus to the current density J opt that minimizes the total MHD power in the system.
By writing:
we obtain:
From Eq. (18), we remark that the optimum value of the applied current density J opt is proportional to the inner cylinder velocity Ω i . The fluid viscosity is contained in the function ψ em (see the appendix).
RESULTS AND DISCUSSIONS
For a quantitative study, we set the system parameters to the numerical values given in Table 1 . The system parameters are arbitrary chosen but satisfy the condition of a laminar flow. This is verified by the evaluation of the Taylor number T n = R i (R e − R i ) 3 μ −2 ρ 2 Ω 2 i , which must be less than its critical value of about 1700 [7] [8] [9] . Figure 3 gives the normalized absolute value of the difference between the Lorentz forces obtained by the planar and the corrected models in Eq. (1), for different values of the electrodes and magnets annuli width λ. As expected, the difference depends strongly on the ratio (λ/R i ). It is relatively feeble, however, for a better accuracy one has to take it into account.
The Lorentz forces can be created either in the direction of the fluid flow to give an additional kinetic energy to the latter or in the opposite direction to reduce the drag caused by the moving cylinder in the fluid, as shown in Fig. 4 . The velocity profiles corresponding to opposites values of the current density (i.e., +J and −J) are not symmetrical, which is due to the effect of the inner cylinder velocity. An important result to notice is that we can reduce the section of the fluid flow between the cylinders and thus reduce the value of the Taylor number described above. This will delay the transition of the fluid flow from laminar to turbulent where the hydrodynamic losses are much higher. This is the main purpose of the electromagnetic control. Figure 5 gives the control efficiency as function of the fluid electrical conductivity for different electrodes and magnets annuli width λ. As expected, the control efficiency increases with the fluid conductivity and decreases dramatically for weakly conductive fluids. Increasing the ratio (λ/(R e − R i )) leads to an increase of the electromagnetic forces created in the fluid and thus increases the control efficiency. For sea water (σ ≈ 5 S/m), we obtain η em = 2×10 −3 for λ = (R e −R i )/2, and η em = 0.9×10 −4 for λ = (R e − R i )/10. Figure 6 gives the optimal current density that minimizes the total MHD power in the system, as function of the fluid electrical conductivity, for different values of λ. When the conductivity is feeble, the Joule losses are important and thus the optimal current is feeble. As the conductivity grows, the Joule losses decrease and the optimal current increases to reach to asymptotic value given by Eq. (19). The latter involves the applied magnetic flux density, the inner cylinder speed, the fluid viscosity and the geometrical parameters of the system.
CONCLUSION
This work gives an analytical expression of the electromagnetic control efficiency of a conductive fluid in a Taylor-Couette device, as function of the physical and geometrical properties of the system. This explicit expression allows a better understanding of the influence of each parameter and to determine the optimal values of the control parameters.
The electromagnetic control efficiency of common fluids is very feeble in laminar flows; however, it is shown that with such control, one can modify the Taylor number in such way to delay the transition of the fluid flow from laminar to turbulent where the hydrodynamic losses are much higher.
For simplicity, an infinite Taylor-Couette geometry is considered in order to neglect the end walls effects. The model can be extended in the laminar regime to the geometries used in experiments by introducing a variation of the fluid velocity according to the axial direction.In this case, induced currents occur in the fluid and they have to be taken into account. Analytical modeling is still possible for small and symmetrical disturbances [7] , however, for high Ta numbers, numerical modeling would be necessary, nevertheless, the analytical expression of the electromagnetic force still can be used.
APPENDIX A.
The functions ψ μ , ψ em and ψ J are given as follows: 
